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Formal Structure of Kinetic Theory
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We study the Liouville equation in the domain of small deviations from
absolute equilibrium. The solution is expressed in terms of amplitudes of
n-body additive functions which are orthogonal with respect to the Gibbs
weight factor. In the memory operator approach the memory operators are
formally exact continued fractions. We show that with the isolation in the
Liouville operator of a one-body additive operator Lo, any memory operator
can be written alternatively as an exact infinite series, each term of which
can be calculated exactly. This yields improvements of the dressed particle
approximation. We discuss the choice of Ly, which is in general time de-
pendent. The theory is developed both for smooth potentials and for hard
spheres, where we use pseudo-Liouville operators. The theory can be
formulated in an equivalent manner by introducing modified cumulant
distributions, which are closely related to the amplitudes. The modified
cumulants have the same spatial asymptotic properties as ordinary cumu-
lants, but have superior short-time and small-distance behavior.

KEY WORDS: : Liouville equation; cumulants; memory function; hierarchy
equations.

1. INTRODUCTION

In the present paper we study the formal structure of classical many-body
theory. Our considerations are limited to the linear response domain, where
there are small amplitude disturbances about an absolute equilibrium state.
The object is to derive linearized kinetic equations for time-dependent reduced
distribution functions and for time-dependent correlation functions. The
approach is one introduced earlier (Ref. 1; hereafter I). Boley® has analyzed
the structure of this theory in detail and has made a number of simplifications
and technical improvements. He has also shown that the formulation is
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closely related to the Green’s function approach of Mazenko.® We will
make some further simplifications here. Using a generalization of the idea
of “dressed” particle, the relationship to the general theory of Green’s
functions as well as to numerous other studies of time-dependent correlation
functions becomes particularly clear. The formulas needed for explicit
computations for smooth potentials will be written down explicitly.

We will do one further thing in this paper. We set down the theory for
the case of hard spheres. In that case we deal with pseudo-Liouville operators,
and the hierarchy for distribution functions takes a special form.®® The
remarkable feature of the hard-sphere case from the point of view of the
general theory is that the “#”-body additive approximation for hard spheres
corresponds to the “n + 17 approximation for smooth, strong, short-range
potentials. The physical reason is that the duration of collisions becomes
negligible. For smooth potentials the one-body additive approximation yields
a singlet kinetic equation that is a modified Vlasov equation with the direct
correlation function replacing the bare potential. It is well known that this is
an improvement both at short times and at small distances over the usual
Vlasov equation. The latter is derived by neglecting the doublet cumulant in
the usual BBGKY hierarchy.® In addition the equation remains meaningful
(even if inaccurate) for strong, short-range potentials. If the one-body additive
approximation is applied to the hard-core case, using a pseudo-Liouville
equation, one obtains a modification of the Boltzmann-Enskog equation
with superior short-time behavior. This equation was derived by Lebowitz
et al ™ who emphasized very clearly the distinction between the smooth
potential and hard-core case. The same equation was derived by Mazenko
from his general formalism and the solution of the equation was studied by
Mazenko ef al.® Sykes®™ has shown explicitly that the long-time hydro-
dynamic behavior implicit in the Boltzmann equation is not destroyed by the
short-time modification.

The significant point is that for smooth, strong potentials the irreversible
velocity relaxation of the Boltzmann equation can only be obtained by going
to the two-body additive approximation and by eliminating the doublet
function. This is of course much more complicated than the direct use of the
one-body additive approximation together with the pseudo-Liouville operator.

In our general approach the next meaningful level of approximation is
the dressed particle approximation, which may be thought of roughly as
being intermediate between the one-body and two-body additive approxima-
tions. It involves the notion of a one-body additive operator and leads to an
explicit expression for the memory kernel in the singlet equation. For smooth
potentials the structure of the memory kernel is similar to that of Balescu for
plasmas.®® However, again there is the characteristic improvement for short
times and small distances for the time correlation approach as compared with
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the usual cumulant approach to the BBGKY hierarchy. Of course, the ordinary
Balescu equation is significant because it gives a description of large-distance
phenomena, i.c., the screening of the Coulomb collisions at a Debye
length.

Ernst and Dorfman® have used the pseudo-Liouville operator with the
ordinary BBGKY hierarchy of distribution functions. Approximations similar
to those of Balescu and Ichikawa® in plasma physics are made. The triplet
cumulant is neglected and the direct binary interaction is treated by iteration.
The theory then describes long-time tails in correlation functions and non-
analytic contributions to the hydrodynamic equations. These are remarkable
results obtained in a very simple way.

It is then quite natural to apply the dressed particle approximation to the
hard-sphere problem, using a pseudo-Liouville operator and the time correla-
tion formalism. One expects to find a short-time and small-distance improve-
ment of the Ernst-Dorfman theory analogous to what occurred for smooth
potentials. We carry out such a calculation in Section 4.

The two-body additive approximation for the hard-sphere case can be
written down easily and corresponds to the three-body additive approxima-
tion for smooth, strong, short-range potentials. Furthermore, it is a trivial
matter to go a step further, and to write the dressed particle approximation
to the two-body memory function. The two-body additive approximation is
set down in Section 3 and the dressed particle memory function in Sec-
tion 4.

The basic ideas of the theory are presented in an elementary way in
Section 3. The deviation of the N-body distribution from equilibrium is
written as @ Fy(p1,-, gy; t), where @ is the Gibbs equilibrium distribution.
(Actually, as emphasized by Mazenko and by Boley, a grand canonical
formulation is more convenient, and will be used here.) The phase space is
supplied with a weight function ®. The construction starts with the set of
one-body additive functions 7(1) and an associated projection operator P;. It
is augmented by a set of two-body additive functions made orthogonal to the
one-body functions, denoted by 7(12), and an associated projection operator
P,. It continues with three-body additive functions orthogonal to the two-body
functions, denoted by 7(123), and so forth. Then the most elementary pro-
cedure is to expand Fy in terms of amplitudes A4, for these functions and to
write the Liouville equation in the equivalent form of coupled equations for
the amplitudes. The #n-body additive approximation corresponds to the obvious
procedure of neglecting all amplitudes whose index is greater than n.

There are, however, two nontrivial points. First of all there is no division
of the Liouville operator into noninteracting and interacting parts. Only the
matrix elements of the total Liouville operator between elements of the
function space enter into the theory. For smooth potentials there is an identity
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(used in the variational formulation of Refs. 11; hereafter Il and III) that these
matrix elements are equal to the equilibrium average of the Poisson bracket
of the two functions. This establishes immediately that the theory is in
renormalized form with static correlation functions replacing bare potentials.
Second, the time correlation functions constructed as matrix elements of the
evolution operator e~ with the basis functions are the same as Mazenko’s
correlation functions. They have the same large-separation behavior as
ordinary time-dependent cumulant distribution functions. Since isolation of
appropriate asymptotic behavior is the chief reason for introducing cumulants,
the theory may be thought of in terms of the introduction of a new type of
cumulant with superior short-time and small-distance behavior. The definition
is almost forced on us by the requirement of orthogonalization with the Gibbs
weight factor.

In Section 2 we express the theory in an abstract algebraic form, using
projection operators, and find the continued fraction form for memory
operators.® In addition we use the notion of a one-body additive operator
to write a formal exact expression for the residual operator A7, belonging
to the n-body additive approximation (different from the residual infinite
continued fraction). Here we encounter a separation of the Liouville operator
into an “unperturbed” one-body additive part L, and a perturbed part L,.
So the question arises as to how to choose L, and what to do about evaluating
the residual M,,. Existing theories differ in treatments of these points.:

The primitive dressed particle theory stops at the one-body additive level,
and keeps only the first term in the expression for M,;. For both smooth
potentials and hard spheres L, is chosen by the condition

P1LOP1=P1LP1

The best choice of L, is, however, that suggested by the general theory of
Green’s functions,*? viz., ’

PlLO-Pl =P1LP1 +M11 (1)

Then, one-body excitations propagate in a “finally dressed” way. Since M,
is evaluated to some approximation using Ly, this leads to a difficult nonlinear
self-consistent problem. On the other hand, comparison of the two-body
additive approximation for smooth potentials with the one-body additive
theory for hard spheres points to a simple recipe. At the n-body additive
approximation compute M, neglecting #,,. This leads to a revised #7,,,
which is the dressed particle improvement of the n-body additive approxima-
tion. This can also be written in a fully renormalized form.

In the body of the text and in the appendices we give relatively complete
and explicit expressions for the static correlation functions, projection opera-
tors, and matrix elements of the Liouville operators.
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2. ALGEBRAIC ASPECTS OF THE GENERAL THEORY

We wish to solve the Liouville equation?

(g + L)FN(pl,..., ait) =0 @

given the initial condition Fy(t = 0) = F,°. Here F,,® is the deviation from
absolute equilibrium. We use the time correlation point of view and introduce
the evolution operator G(t) = e * and the Laplace transform, i.e., the
resolvent operator G(S) = (S + L)~ !. Then Fy(t) = e “F,° and Fy(S) =
G(S)Fy°
(S + L)G(S) =1 3)

where 1 is the identity operator in N-body space.

Using a projection operator P and its complement Q, P + Q = 1, the
basic formulas are

(S + PLP)PG + PLQ-QG = P, (S + QLO)OG + QLP-PG = Q (4
We refer to PGFy° and QGF,° as “amplitudes,” and the concrete version of
the theory is formulated in terms of amplitudes in Section 3. From these
formulas, taking right-hand projections, we find

(S+ PLP + M)PGP =P, M = —PLQ(S + QLQ)"QLP (5)
Here M is the memory operator associated with P. In particular we first take

P; to be a projection operator onto one-body additive functions. Thus we
have

(S + P LP, + Mll)PléPl = Py, Mn = —PlLQl(S + QILQI)_1Q1LP1
©®
Now introduce a sequence of projection operators P, Ps,... with comple-

ments such that Q, is orthogonal to both P, and P,, Q, is orthogonal to
P, + P, + Pg, etc. Then let

£ = 0.L0s, G =+ QL0 ! @)
My = —P.LOY Q\LP;, (S + £)% = O ®

Treat this in the same way, noting that (Q:Q; = Q,, Q1 — Qs = P,)
Pze%Pz =P2Q1LQ1P2 = P,LP,, szle =P2LQ2 (9)

Then
{S + PoLP; — P,LQy(S + Q2L Q2) *QuLP}Py% Py = P, (10)
Hence, for the case that L connects only successive spaces (pairwise inter-
actions),
M,y = —P\LP,{S + P,LP; + M,;} 'P,LP, an

2 We use the caret to denote time-dependent quantities and the tilde to denote Laplace
transforms.
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with My, = —P,LQ(S + 0,L0,) *Q.LP,. We thus have a continued
fraction generated by the recursion relation

Mnn = PnMPn = _PnLPn+1{S + Pn+1LPn+l + Mn+1,n+1}Pn+1LPn (12)
and
{S + P,LP, + M,,}P,GP, = P,. (13)

This is a formally exact reformulation of the problem.®
Now let L, be a one-body additive operator. This notion will be defined
more precisely later. The relevant property for the present argument is that

P,L,P, =0 for m+#n (14)
Since L,P; belongs to Py, we have Q,f(Lo)P; = 0. From the identities
S+ QL) = (S + L) M1 + P1L(S + O1Lo)™ %}

={l + (S + O1Lo)"*PLo}(S + Lyt (15)
we find
Qu(S + Q:1Lo)™! = Qu«S + Lo)™* (16)
In addition, with L = L, + L, and the definitions
Go=(S+Ly)% IL=I[S+ QLo+ L)I™? (17

we have the identities
Li=(+ 0Ly 1 — Q. L,y ={1 = LOLYXS + Q.Ly)"* (18)
with the formal solution

Q11~1Q1 = Q1[1 + GOQ1L1Q1]—IGOQ1 = QIGOQI[I + Q1L1Q1601—1Q1
19)

We therefore find the formally exact expressions for the first memory operator
My = —P,LO:[1 + Go0.L:0,1720:G, 0, LP,
= —P,L0:Go0:[1 + GoQ:L, 0,170, LP, (20)

This type of expression can be established at any level. For example, for
My, we have Qu(S + Q.Lo)™* = Qu4(S + Lg)~%, resting on the fact that
Q2L0P1 =0, Q;L,P, = 0. With

L=1[S+ QuLo + L)]? (21
we again have
Qul20z = 02G00x{1 — Q2L Qx123Q2 = [I — 1,021, 0:]10:GoQ: (22)
and ‘
My = —PoLQa[l + GoQ2L:1 Q217 *GoQ,LP,
—P,LQ,G [l + Q2L Q:Go] " Q,LP, (23)
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The analogous expression holds for any value of »n, viz.

Mnn = _PnLQn[l +GOQnL1Qn]-lG~OQnLPn
= "PnLQnG~0[1 + Qnngnéo]_lQnLPn (24)

A number of existing theories fit naturally into this framework. The one-
body additive theory entirely neglects M,;. It leads to a modified Vlasov
equation because the term P,LP, involves the direct correlation function
rather than the bare potential (cf. Section 4). The Forster—-Martin weak
coupling theory ®® uses only the first term of the geometric series for M,
namely M,; @ —P,LP,G,P,LP,, and takes L, equal to the free-particle
streaming one-body additive operator. The work of the Brussels school %
involves a diagrammatic analysis of the higher order terms of the series. The
primitive dressed particle theory ’ also uses only the first term for #,,. But
L, is chosen to be a one-body additive extension of the relation P.L P, =
P,LP;. As a result the theory can be written in renormalized form.

The two-body additive theory ® sets M,, = 0, leading to an expression
for M., where close binary collisions in the presence of the medium are taken
into account. It is more convenient to do this than to make a partial summa-
tion of terms in the closed-form expression for M,;. When L, is chosen in
one of the two ways just discussed, the dressed particle theory appears as a
further approximation to the two-body additive theory. This is of course
no longer the case when more terms in the geometric series for M, are taken
into account. It is also not the case when L, is chosen in a different way. For
example, the most attractive choice for L, is as the one-body additive exten-
sion based on Eq. (1). Then G, is a resolvent operator giving exact propaga-
tion in the P, space. It is of course dependent on M;,, which in turn is
evaluated using the series involving L,. This then gives rise to a difficult
self-consistent type problem. This procedure is precisely the one used in
quantum field theory based on Green’s functions.

In classical liquid and plasma theory the use of clusters is physically
compelling, at least in treatment of the small-distance aspects of the problem.
Our algebraic reformulation shows that one can proceed to an n-body additive
approximation with the continued fraction. This takes into account elementary
collisions of various types occurring in a medium and does not involve any
division of the Liouville operator. However, one has the same type of
expression for the residual memory operator #,,. Again one is tempted to
use the ‘““exact” L,, leading to a self-consistent problem. But it is more
practical to use an L, based on the A7,; computed in the n-body additive
approximation, thus avoiding the self-consistency problem. At the /7, this
procedure is closely related to Mazenko’s main working approximation. We
will discuss this point in more detail later.
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As an illustration we describe a cruder theory. Let L,” be the primitive
dressed L, chosen from P,L,P,. Then an improved L, can be chosen as

1
.P]_Lo.Pl =P1LP1—P1LP2mP2LP1 (25)

This expression on the right-hand side has been explicitly evaluated.® The
improved L, is no longer anti-Hermitian, as was L,”. It therefore has an
eigenvalue spectrum describing velocity relaxation (as well as Landau
damping). So the improved M,, ¥ —P,LQ(S + Go)0.,LP, has a different
behavior in the hydrodynamic regime.

It should be noted that all of the results of this section hold when L is a

pseudo-Liouville operator.

3. FUNCTION SPACE AND PROJECTION OPERATORS

We now make the formal scheme more concrete. We have the one-body
additive functions

N(1) = ; 8(pa — 1) 8(ge — x1) (26)

and the deviations from equilibrium
T(1) = 8N(1) = N(1) — (N, <NQY = pod(p1) = pobs  (27)

where ¢(p,) is a Maxwellian distribution. Actually, one should use the grand
ensemble for defining averages. We use the inner product

(4| B = f ® dT' 4*B (28)

However, in the spatial form with which we work, 4 and B are real functions.
The projection operator for the functions 7'(1) is written as

Py = |TXTO|TAY-KTA)| = |TOHA|Z, 1T (A" (29)

The bars over variables mean integrations. The inverse Z; is defined by the
equations
ITMITR)><2)Z,13) = 8(1 — 3) 30)
U Z2XT D)\ ZA TR = 8(1 — 3)
Using
T(1) | T2)> = {N(12)) — (N(D)HXXNQ2)> + 8(1 — 2)XN(1)»
= {pa(x1X2) —~ po®}p1gs + (1 — 2)po €))
where pa(x;x,) is the static pair distribution, we have the well-known result®®

1Z]2) = [3(1 — 2)/pop1] — Clxr — Xa) (32)
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Here C(x) is the direct correlation function, defined by the integral equation

h(x) = C(X) + po f Cllx — x'Dh(x") dx’
(33)
h(x) = [po(x)/pe®] — 1
The next step is to introduce two-body additive functions
N(12) = 2 8(p. — p2) 8(ps — Pa) 8(ge — X1) 8(g5 — %) (34)
a# B
and deviations 8N(12) = N(12) — <(N(12)>. In order to define P,, we want
the two-body functions that are orthogonal to the one-body additive func-
tions. Let
T(12) = 8N(12) — A(123) 3N(3) (35)

Since T(12) is defined in terms of deviations, its equilibrium average is zero.
To fix A(123) we require, for all values of p;, x3,

{T(12)|8N@3)y = 0 (36)
Hence
A(123) = (SN(12)|8N(3)»<4|Z,|3)
= {KN(128)) — (N(12)XN@)KAE|Z,]3)
+ KNA2HCLZ[3) + <2|Z4|3)} (37
Explicitly,

A(123) = K(x1x2x5)p1ba + [pa(x1x2)/poll$28(1 — 3) + $58(2 — 3)] (38)
where

K(x1x5%3) = [pa(1x9X3)/po] — palx1%s) —f pa(X1X9x4)C(xs — X3) dx,
+ Pz(xlxz)Pof Cxy — X3) dx,

— palx1xg)[Clxs — x1) + Clxz — Xx5)] (39

Before going on to the three-body space, we first find the four-point
static correlation function < 7(12)|T(34)> and the two-body projection operator
P,. The four-point static correlation has a simple structure. We write it as the
sum of three parts A, B, and C, with different momentum dependences:

(TA)|TGN>a = rbapa(xs, x2)[33 — 1)3(4 — 2) + (3 — 2)8(4 — 1)] (40)
(T(12)|T(B4))s = $1daps[0(4 — 1) + 5(4 — 2)]

x [P3(x1x2x;3) _p2(x1xp2)P2(x3x4):| + 34 (41)
0

<T(12)IT (B4)c = b1badapsS (X1 X2X5X4) (42)
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where #(x;Xsx3x,) is given in Appendix A as Eq. (A.7). The A sector is of
order p,?, the B sector is of order p,®, and the C sector is of order py*. The
four-point static correlation function is all that we need for the calculation
of the IBA dressed particle memory function.

The next step is to introduce a set of three-body additive functions
orthogonal to N(1) and 7(12). Thus

T(123) = SN(123) — A(123|35)T(@5) — A(123|3) SN() (43)

Here
A(123]4) = <8N123)|8N(5))<(SN(3)|SN(4)>~* 44)
and
A(123]45) = <SN(123)|T(67))<T(67)|T(45))~* 45)
This requires a knowledge of the two-body inverse that occurs in the projector
Py = |T(A2)XT(12)|T(33),~ KT (33)| (46)
12|Z,[34) = <T(12)|T(34)>* é7)

It obeys the equation
K12]Z,|38XTBH|T(56)y = (G5 — 1)8(6 — 2) + &5 — 2)8(6 — 1)] (48)
The two-body projection operator is determined from the equation

<12|22|78> + [1 + P(12)]F(x, — x2||x1 - i3)¢3p2(x1f3)<§1|22|78>

+ b IR 417,)78)
(7 —1)8(8 —2) + 8(7 — 2)8(8 — 1)
- dpo(X1X2)P 102 )
where
F(x, — xz”-x1 - X3) = "“BM‘?‘)’_ ! (50)

pax1X2)pa(X1X3) B ;’:)

and P(12) is a permutation operator.
Z, has A, B, C parts with momentum structure like the parts of
<T(12)|T(34)). We have

2(z,[345, = LB RE =D + 30— 9% - 1) o
12|1Z,]3455 = [I  + P(12)][1 + PG4]B(xy — X5|x1 — x5)[3(1 — 4)/$1]
(52)

where B obeys the integral equation

BOalyo) = ~(AFOalyd) + [ FOulydmGoBOsls s (53
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The quantity B has the low-density behavior p,~! for hard spheres. Finally,
12]Z,|34>¢ = (x1%2| U|xsx4) (54)
The purely spatial function U obeys the integral equation

F(X1XoX3Xs)
2pa(X1X2)

+ 2[1 + P(12)]F(xy — xafx; — ¥3)palx1x2)<{Fex1|U|XXs)

(X% Ul x7x) + (X3%| U |x7x>

o S axoXixe) o
= TonCrira)palirg) PG + P(8))
MB(XB — Xaf x5 — x7)

2pa(x1X2)

~2[1 + P(A2)JF(x; — Xa[lx; — Xa)pa(1¥s)B(Xs — X1 Xs — x7) (55)

Since & is proportional to p,*, the quantity U has p,° ~ 1 behavior at low
density.

An expression for A(123{45) and thus for 7(123) can be obtained by

combining the above relations with the expression for (SN(123)|7(67)) given
in Appendix A.

4. AMPLITUDES AND DISTRIBUTION FUNCTIONS

We now develop the theory along the elementary line of thought of I,
i.e., from a *“Schrodinger™ picture. We write the N-body distribution function
Fy(t) as

Ey@) = |TOWA(150) + |TA2)pA(02; 1) + |T(A23)DA(123;6)p + - (56)

with initial condition 4,(t = 0) = 4,°%
The amplitudes 4,(1; 7), A,(12; 1),... have the properties

TMITANAT'; 1)

= TP E(1)> = <T(1)|eFy°

= <ITWle"TANAT) + <TM]e ¥ TAZNALAZ) + -+ (57)
T TA2Y 4175 1)

= KT(12)|Fu(t)>

= Tl |TANA(T) + <T(12)|e™#|T(T2)ALT'2Y) + - (58)
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Thus the amplitudes involve superpositions of correlation functions with
weights depending on the initial distribution Fy°. The correlation functions
<T(12)|e~tT(1'2")) are just Mazenko’s correlation functions.

The theory is most easily expressed in terms of these amplitudes. We
will use the notation

(TU2)|LIT(34)y = <12|L|34), etc. (59)

For clarity we underline with a wiggle arguments that are not summed over.
In that case, bars indicating summation are omitted. From the Laplace
transform of the Liouville equation we have

SCTOITA N ALY + ALIYAN) + QL2 A0172)
= TM|T1')>4.°1)  (60)
<1218 + LI12yA,(12") + <1M%|L|1’2’3'>13(1’2’3’)
= <T(12)|T(1'2)4,%(1'2) — <12|L|1)4,(1) (61)
etc. Using the inverses, we have the explicit forms
SA(1*) + <TAHITM> LA, (1)
+ TN T UL A(12) = A,°(1%) (62)
SAL1#2%) + <T(P29)|T(12) -2 {125 A(1'2)
+ <T(L*?;*)|T(12)>‘1<12|L|1’2’3’}13(1’2’3')
= 4,2(1%2%) = CTE29|TAD KIALIDAW)  (63)
We now introduce one-body operators L, by the definition
Lol N(D)> = |N(1)><I'|R|1> (64)

i.e., operating on a one-body additive function, it produces a sum of one-body
additive functions. In the two-body space its action is

Lo|N()N@)> = [NQ)N@XU[RI1> + [NONR)2|R2>  (65)

with an obvious extension to the n-body space. In V we defined® such
operators in a functional notation. This is not convenient for the hard-sphere
case. We thus have the matrix elements

TMILJTAY> = KTD|T@)><2|RIT"
(T(12)|Lo|T(1'2)y = <T(12)|T(32)<3|R|1
+ <TA)|TA3B|R|2 (66)

etc.
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We now write down the amplitude equations when we have made the
separation L = L, + L;. We have
SA1%) + IHRIVSALY + <TAH| T AL 15 A1)
+ CTAHITWY "KL A1) = A,°(1%) ©7)
S/TZ(L*%*) + <l*|R|1/>g2(l;%*) + <%*[R|l'>52(l'l*)
+ (T(1*2%)|T(12)) "X 12| Ly | 127) Ax(1'2)
+ (T(1*29)|T(12)) - 12| L]1'2'3') 45(1'2'3')
= A%(1*2%) — <T(1*2%)|T(12)> = 12[L[3)>4:(3) (68)
The n-body additive approximation effects a truncation to a closed set of
equations by neglecting the amplitude A, ., entirely. The dressed particle
correction to the one-body additive theory calculates 4, by neglecting the
term involving (12|L,|1'2") after neglecting A;. The equation for A, then
involves the sum of operators that act separately on the two arguments of
A,(1'2). This is precisely what happens in the ordinary BBGKY hierarchy
when it is written in terms of cumulant distribution functions.® Here it is a
consequence of the introduction of a one-body additive part of L. In both
cases the doublet equation is explicitly soluble in the time domain in terms of
the solution of the singlet equation. The 4,(1'2’; ¢) can be inserted into the
equation for 4,(1%; ) to yield a Balescu-type singlet equation.
In the primitive dressed particle approximation L, is chosen so that
ALY = AL|1,  ROF1) = TAH)|TAR-KILIY>  (69)
and
CPHLJ1Y = 0 (70)
To obtain the dressed particle correction to the two-body additive
approximation, we write an equation for A; and neglect the 4, amplitude
together with the term (7(1#2%3%)|7(123)> ~1<123|L,]1'2'3">45(1'2'3). Again
this is an explicitly soluble equation for As(¢), involving the R operators. At
this level the R operator is chosen so that
UR|2AL2) = <UILI2YA1(2) + <1L[1'2')Bo(172) (7
where By(1'2') is the two-body additive A,(1'2") with 4,°(1'2") set equal to
zero. This procedure is more conveniently expressed in the projection
formalism.
We now discuss the relation of this approach to one involving ordinary

singlet, doublet, etc., time distributions and ordinary cumulants.®® These
distributions (i.e., deviations from equilibrium) are defined as

Fl(l) = <8N(1)IFN(t)>
Fy(12) = (SN(12)| Fy()) (72)
Fy(123) = (3N(123)[Fy(1))
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We thus have the connections
Fi(1) = SN(D[SN(1")>4x(1)
£5(12) = GSN(12)|8N 1) A,(17) + <T(12)|T(1'2)>45(1'2') (73)
Fy(123) = (3N(123)[N(1)yAx(1') + (3N(123)|T(1'2'))4x(1'2))
T T IA02Y)
These equations terminate because 8N(12) is orthogonal to T(123), etc. We
can invert the relations to find
A1) = GSNQ)[SNY A1)
A(12) = <T(12)|T(1"2)) ~[F5(1'2') — <3N(1'2)[3N(3)
x (SN(3)|SN(4)y ~1F1(4)] (74)
ffa(gg) = (T(123)|T(1'2'3)) " [Fo(1'2'3) — (SN(1'2'3")| T(45)> Ao(45)
— (3N(I'2'3)|SN(#)> 4:(4)]
For the usual distribution functions we have the time-dependent BBGKY
hierarchy

SE,(1) + (SN(D|LFy> = F,°(1)

SE(12) + (SN(12)|LEy> = F,%(12) (75)
When written out in detail using
Sl 0 OV 0
L= Z m aq, 2 04, OPe (76)

the hierarchy involves the bare potentials.

To establish the meaning of our truncation schemes in the context of this
hierarchy most directly, one can use the inversion relations [Eq. (74)]. Thus
the one-body additive approximation corresponds to taking the first equation
of the hierarchy and to putting

F(1'2)) = (SN(1'2)|8N(3)>(SN(3)|8N(4)> ~*F1(4) 7

In this form the bare potential occurs, and a use of the equilibrium hierarchy
is required to establish a fully renormalized form. In higher approximations a
similar procedure is followed. This was the point of view in I and IV. At the
two-body additive level, we exhibited in IV? the self-contained equation for
F5(12) involving F,(1) in inhomogeneous terms.

The most effective treatment of the BBGKY hierarchy involves intro-
duction of cumulants. These are needed to treat clearly the asymptotic
properties of the distribution functions at large separations. When one
rewrites the hierarchy in terms of cumulants, one-body additive operators
similar to our {1|R|1") appear naturally. This is the key to the treatments of
Balescu‘®'*® for plasmas and of Ernst and Dorfman“® and Pomeau“® for
the hard-sphere chain.
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Some characteristic features are already present at the one-body additive
level. Neglect of the ordinary cumulant D(12) gives the ordinary Vlasov
equation, but there is already a difficulty with the initial conditions. The
assumption involves putting D(12) equal to zero at all times including at # = 0.
But the initial preparation in a light scattering or external field experiment
involves a microscopic preparation of the Liouville distribution in which, for
example, 4,° # 0, 4,° = A% = --- = 0. The one-body additive approxima-
tion requires a D(12) that is nonzero at ¢ = 0 to fit the initial conditions. This
relation between D(12) and £;(1) is taken to be the same for all ¢ as F(1)
varies with time. At large spatial separations D(12) vanishes. So the truncation
improves the short-time, short-distance behavior without violating the long-
time, large-separation behavior. This gives rise to the modified Vlasov
equation.®®

In the theory that works with the usual hierarchy one frequently
argues that a suitable initial condition implying *“prior chaos” is to take
D(12, t = 0) = 0. Apart from the lack of clarity of the meaning of this condi-
tion in operational terms, one obtains the Vlasov kernel in place of the
modified term involving the direct correlation function in the singlet equation.
Thus the short-distance as well as short-time behavior is defective. It should be
noted that this trouble persists at higher levels of approximation. Thus if
one keeps two equations in the BBGKY chain and takes D(123, ) = 0, one
again violates a microscopic preparation since for such a preparation
D(123, ¢ = 0) # 0 even if only 4,° £ 0. One obtains a doublet equation
which is badly behaved at small particle separations for strong short-range
potentials. After solving for the doublet cumulant and inserting it into the
singlet equation we obtain a collision kernel. This does not correct the Vlasov
mean field term. In addition the one-body additive part of the doublet
operator involves the Vlasov operators, so that the kernel itself is defective
at small times and distances. We conclude that the time correlation formuia-
tion is superior at all levels, and that there is a one to one correspondence
between the two formulations. The differences are intrinsic, and the defects
of the BBGKY treatments are not remedied by standard improved trunca-
tions of the Kirkwood type. As was shown in IV,™ the truncations needed
in the usual hierarchy to get good short-time behavior (e.g., 4z = 0) are
nonlocal and unnatural from the BBGKY point of view. However, we are
not here arguing against the usual treatment for the study of large-distance
and long-time behavior.

In this connection it should be noted that 4,(12) has the same spatial
asymptotic behavior as the cumulant D(12) (i.e., goes to zero for large
separations). So the amplitude method may be thought of as the intro-
duction of a new type of cumulant, better suited to the treatment of small
distances.
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5. KINETIC EQUATIONS

Equations based on the time correlation point of view take somewhat
different forms for smooth potentials and for hard cores. For smooth
potentials we find forms in which the bare potential is eliminated. This is
immediate by noting the identity,*? for any two phase-space functions,

L (04* 0B  024* OB
f O AT A*(p1yeres G)LB(P1y0nes ) = KTJ war 3 (?a};fa”q”,, - 8_%%)
(78)

Thus it is not advisable to split L into a free streaming part L,° and an inter-
action term. The matrix elements of L between the basic functions of phase
space are simpler, and only involve static correlation functions (cf. Appendix
B). This makes it unnecessary to use the equilibrium hierarchy explicitly.
Thus the one-body additive approximation uses

E 3
C*ILITy = po¢(p1*)% 8(1 — l’k)a—i

(79
LT |Z4]2) = pod(p: “|Z112>
We find the well-known singlet equatlon<15’ from
(542 53 ) R - o) 2 52 Ol = 50Fi )
+ <I*IM11|1’><1']le2>F1(2) = F,° (80)
when we neglect the memory function ;.
For hard cores we use the separation L_ = L,° — L®, where LP is a

pseudo-Liouville operator (cf. Appendix C). The contribution of Ly° to the
singlet is
CI¥|Lo°| TXXT|Z4 |2 Fi(2)
Pl* 8F,(1%) Pz(xl*fl)é eFy(T) $(p1*)
m  ox,* po M 0Xy !

P 28 e 5 20 Q)

The second term cancels against part of the interaction, when one uses
the equilibrium hierarchy. To calculate the interaction, we note that

—HLOTT|Z D E Q)
= KN(1*2'3)y — NN 3 | Wal 112425 F)
+ 2NA(1*3)CI*3 | W 151|220 Fo(2) @)
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The one-body inverse has a delta-function part and a purely spatial part
involving the direct correlation function. Since f {2'3|Wy|17 dpy” = 0, the
direct-correlation-function part does not contribute and <(1]Z;|2)>F,(2) may
be replaced by Fi(1)/po¢(p,). The first term involves the three-point static
function and the quantity <{x,xs|H|1"> =Hdpz’dp3'¢(p2')¢(p3')<2'3’| Wa|l.
This quantity is given in Appendix C. We then find for the first term

st [ XL ) 3 ) — oy BA) 69

It combines with the free streammg term and the two terms are eliminated
using the equilibrium hierarchy equation

PS) _ [ 8| ool — rapaleiisr) = @) g Hvssl — o) (34)

The second term in Eq. (82) contains the Boltzmann-Enskog operator plus
a term arising from the 6 functions (cf. Appendixes C and E). We find the
LPS-Mazenko'"-® equation

(5425 222) R0 - ool b0 o - 7 + 22200 |
3—5(2—) ~ paloy1#l12> 26) 1(2) + LD ;g)z) _ FO1%  (89)

The memory function M, will be evaluated in the dressed particle approxi-
mation in the next section. The relation between the smooth-potential and
hard-sphere cases is discussed by Blum and Lebowitz.(”

We now write down the explicit form of the equation for the two-
particle amplitude A4, for the hard-sphere case. In Eq. (63) we need to
evaluate (1*2%|Z,|12>(12|L|1'2">. We use

LOIN(12)) = [1 + P(12)]|N(145)><45| W5 [2> + |N(34)>{34| W2|12) (86)
Furthermore, note that

U2#| Wi |35 A123)A(12) = [1 + PA2KL*2¥| Wi (1) ”—%x—) $(p2):(12)

(87)
This gives

pl 0 PZ* *
(S+ o o s )A2(1 2%)

- {q*gﬂ Wall2y — [1 + PADKLI2* W51 ﬂ—(’;—"—) ¢(p2)}12(12)

— {1¥2%| Kool 12) 4(12) — (1%2*| K| 1235 A5(123)
= 42°(1*2%) — (1*2*|Z,[12<12|L |15 A, (1) (88)
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Here

<L 24 Kaal 12) = <1*2#|Z5340)1 + P(2)]

x (T(3%4%)| NQ4S))(45| Wzl 1> (89)
1¥2¥| Kol 123) = (172%(Z,|12/5¢1'2'|L_|123) (%0)

In the two-body additive approximation we neglect A;. The term Wi,
describes isolated encounters, while the W5, term involves a medium effect
(~ po). However, since we have been forced into a division of L into L,° and
— LD, the term K., contains additional medium effects (and in particular
another term of order p,). To simplify these, we need to use the equilibrium
hierarchy explicitly.

We now discuss the contributions to the doublet kernel K, according to
powers of the density. In (7'(12)| N(345)) there is a set of terms of order p,°.
These come from

[1 + P(12)][1 + P(34) + P(35)] (3 — 1) 8(4 — 2)<{N (125)>

Thus the contribution of this type of term to K, (without the premultiplying
two-body inverse) is

201 + PG 4IIH(pa")b(pa®polxs® 4" 52)3*4¥| Wi | 152 4:(12)
+ pa(xa* X P[4 Wi |1y + (44| Wi |301A(13%)  O1)

When we premultiply by (1*2%|Z,|3*4*) to find K,,, the leading term arising
from the A sector yields a contribution of order p,, 1.e., of the same order as
the W3, term already isolated. Thus to order p, in the doublet amplitude, just
replace 3* by 1* and 4* by 2* and divide by 2p(x; *x,¥)é(p:*)¢H(p.*); Note
that the analytic structure of the three terms differs. The first involves
| #242(12) dp,. The second has a collision operator acting on the full 4, (13%),
and the third has a collision operator acting on the function of one argument
ff $145(13%) dp, dx;.

The terms of order p,2 are of two types. First, there is a contribution
from the B part of the two-body inverse acting on the terms just discussed.
Second, there is a part involving the [1 + P(12)][1 + P(34) + P(35)} x
8(3-1)XN(1245)) part of (T(12|N(345)>. Explicit expressions can be found
in Appendix D. We also note in the next section that the leading term in the
two-body memory kernel in dressed particle approximation is of order py*.
Hence, when premultiplied by the two-body inverse it also yields a term of
order p,? in the equation for the two-body amplitude.

For the case of smooth potentials, Eq. (63) for the two-body amplitude
A,(1*2*) involves only the kernel (1¥2%|Z,|12)(12|L[1'2"), after neglecting
the three-particle amplitude. The matrix element {12|L|1'2") may be deter-
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mined from the equations in Appendix B, namely (B.13) and (B.14). The A

part of the two-body inversion then yields

1*2¥|Z,|12) 4 D2|L| T2 Ax(1'2)

1 + P(1*2%)
pax1*x5*)

0 OR(x,*x,*%,) ©

*
X [Ri*(xl*xZ*f*)%a_xF + «T %, 55?

= [L(1*|2%) + L(2*|1%)]A(1*2*) +

]Mz(lfo (92)

This is similar to the result of Eq. (40), with the potential of mean field
—«T In py(x,x,) replacing the bare interaction. The C part contributes

124 Z5| 125 12] L] 172 A(12)

=~ + p(y) ORI o 104,22 H12)

— g D0 e s 2 A4 ©3)
1 m
Finally the B contribution is
C1*2*|Z,| 128 12|L| 1275 A(1'2)
B({fk _ §2* “{1* .

)

6. DRESSED-PARTICLE MEMORY OPERATORS
In the dressed particle approximation we have
M(t) = —P,LQue %!'Q,L.P, 95)
For the case of hard spheres, L stands for L_, L, for —L®,

There are a number of equivalent but distinct ways of expressing M,,.
We start with the matrix elements of the one-body memory operator

([ My]1) = ~<1¥|LQe 50, Ly 1> (96)
since @y Lg|1)> = 0.
We write (cf. Appendix C)
L N(1) = |N(23)){23| W,|1> o7
Now e~ %t acting on an r-body function yields at most an n-body part. The
subsequent action of Q; rejects lower order parts. Using

IN@23)) = [NQING)> — 82 — 3)|NER)>
e EHN()Y = |NQURA|T|LD (98)
e W NQNQ)> = [NQRINE)H<2|T(2>¢3'|T(3)

= [l + P(1*29)]2 ) ¢ PILII254(12)  (94)

we find
LM |1> = —(IHLI232 D203 Wan| 1> (99)
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This “mixed” form involves the bare potential once through W,,. The
factor (1*|L|2'3") is expressed in terms of correlation functions for the case
of smooth potentials (cf. Appendix B). It involves the one-body inverse, i.e.,

the direct correlation function.
A second form of M, is particularly useful for the case of hard spheres.

Here the adjoint L, * = —L_ and L_ has the property
CLPN(IH)| = ¥ WEP|2*3%) N 2*3%)| (100)
Hence
L[ M1y = + WGP 2%3%)(N(Q2*3%)| T(2'3'))
x (2[T|2)<3| 03523 Ws 1> (101)
This involves two factors containing the bare potential. It also involves the
one-body inverse in the factor (N(2*3*)|T(2'3")).
Finally, there is a third, more complicated form, involving only correla-
tion functions, for the case of smooth potentials. We write
<1M*IM11|1> = ~(1*|L|2¥3%)(2*3*| Z,|4*5%){4*5*|e~1o|45)
x <45|Z,|23)<23|LI1> (102)
This involves the two-body inverse twice. Using the relation
(4¥5*|etot|d5) = (T(4*5%)|T@5)<&|0|4)¢5'|0|5) (103)
and the defining relation for the two-body inverse, we find
| M 1
= —II¥|L[2'3H[2%|D4X<3*|T) 5 + <2*|15)¢3%|1|4)]
x <45|Z,|23)<23|L{1) (104)
For smooth potentials this involves no bare potentials and serves to
show that the theory can always be written in renormalized form. The same
thing is true of higher order memory functions. However, the price paid here

is the introduction of the two-body inverse. These forms are unnecessarily
complicated, and we use the first two forms in the calculation of memory

functions.
We now turn to the evaluation of the two-body memory function in the

dressed particle approximation. The action of L on a two-body additive
function produces a three-body and a two-body additive part. Q, rejects
the two-body part. We can write
QLIT(12)> = Q,[1 + P(12)]|NQNGIN@>3| Wn|l>  (105)
The action of e~ produces a part involving the product of three I' at the
same time. Hence
C1*2%|M35|12> = —(1*2¥|L[3'4'5)[1 + P(12)K3'|T(2)<4'| 13}
x (5| D]4>C34| Way| 1) (106)
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The second form is
C172%| Mng) 12)

= [1+ P(*29)1 + PA2KI* WD|3%4%>

x (N*3*)T(3'4'5))(3 D234 | D|3)<5'|D4>34| Wz (1> (107)

This involves the two-body inverse because of the presence of 7(3'4'5").

It is clear that the n-body memory function in the dressed particle
approximation can be written down immediately.

The hard-sphere memory function M, can be put into an explicit form

using the A, B, C separation of the four-point static correlation function
according to the momentum. We have

1* | M, |1>A = 2<l*| W5P|2*3%)¢(p2*)(ps*)palxa™x5™)

x (2*|D[2)(3*|D|3)<23| W | 1D (108)
CUF | M| 1s = &L W5D[2%3)¢(po")(ps*) (pa|xa — x2)<2*|T|3)
% [Ps(xz*xs*le) - Pz(xz*xa*)/’z(lexs’)]<23] W2_1l1> (109)
Po ~

where

Ipalxs' = %) = [ 2IPI29(:) dp’ (110)

<L*|M11§l>c = (I¥H | x5%x5%) S (x5%x5% x5 "%4")

x Hpylxy' — x)(ps|xs' — X3)<23IW2_11£> (111)

where

QI H g xs®y = f f (L WD 2*3%5(ps )™ dps* dps®  (112)

The A contribution is of order p,® and that of B is of order p,°, apart from the
density dependence contained in the propagators I'. The C contributions are
of order po* and p,°. In order to have the kernel acting on the singlet distribu-
tion function [cf. Eq. (63)], we must postmultiply by <7(1)|T(5)> ~*F1(5). The
delta-function contribution to the one-body inverse just supplies a multi-
plicative factor (1/po)F1(1)/¢;. The direct correlation function contribution is
purely spatial, viz., — C(¥; — X3)F;(5). Since f (23| Wy |1> dp, = 0, there is
no contribution from the direct correlation term. Thus the A part of the
memory operator contributes a term of order p,, i.e., of the same order as
the other terms in the singlet equation.

A key point is of course the choice of the one-body operator L,. Since
it is one-body additive, it is fully defined by the matrix element {I’|R[1} in
Eq. (64). The most attractive choice for R is the implicit form, Eq. (1). Thus
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in the limit of large », M, evaluated in #-body approximation approaches
the exact one-body memory function

CI*[R|1> = <IFIL[T + <I*[ M1 (113)
If M., is evaluated in an approximation where the last memory function is
neglected (n-body attractive approximation), the operator L, never occurs.
This approximation involves only the matrix elements of the full Liouville
operator and decomposition is called for. We then have an explicit form for
{1*|R|1) and thus for the propagator {1*|I'|1).

On the other hand, if R is defined as above, using the unknown exact M,
we have a series of exact reformulations of the problem. With G, = (S + Ly)™?
and Eqs. (12) and (13), i.e., the continued fraction form, together with Eq. (24),
namely
1
1+ GoQ.L,0,
an approximation to M, leads to a self-consistent evaluation of M,.

A scheme involving, for example, the determination of {1*|R|1} from

1
PLP, =~ P.LP, — P,LQ, m O.LP, (114)

Mnn = _PnLQn GOQnLPn

leads to an improvement over the simple one-body dressed particle theory
since L, will have collisional damping properties. However, even with the
self-consistent evaluation of R, not enough attention is paid to binary colli-
sions. Thus to make the smooth potential case approach the hard-sphere
results, /7, must be evaluated in at least two-body additive approximation
and the resulting R used to evaluate M, in dressed particle approximation.
This leads to an improved A,;. The self-consistent approach appears to be
impracticable, although it may play a role in general arguments.

This line of argument leads to the suggestion that for the hard-sphere
case the two-body memory function should also be evaluated with an L,
that is determined by an M, evaluated in the two-body additive approxima-
tion.

Finally, we discuss the relationship between {1|I'|2) = (1|e~ %2> and
R|2y = KT T(A")y~T'|Lo|2). The argument is the same as in our
dressed particle paper.¥ We have the differential equation

dijdt = —L,I'(¢) with 1'(0) =1 (115)
The Laplace transform is
S+ LTS =1 (116)

For smooth potentials, with L, the modified Vlasov operator, the equation is
exactly soluble. For hard spheres when L, is the LPS operator,one needs to
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know the Green’s function for the linearized Boltzmann-Enskog equation.
The additional mean field term in L, has a separable character, so that, as
shown by LPS” and Sykes,® the Green’s function for L, can be written
explicitly in terms of the Green’s function for the Boltzmann-Enskog equa-
tion. In more sophisticated choices of L, the only simplifying features are
translational invariance and the requirement that L, have suitable hydro-
dynamic consequences.

7. SUMMARY AND CONCLUSIONS

We would like to stress the extreme simplicity of the theory from the
methodological point of view. Classical many-body theory for processes
occurring near absolute equilibrium is analyzed by constructing a symmetric
function basis for phase space. The key point is that orthogonality of the
functions is defined with respect to the exact Gibbs equilibrium distribution.
The construction is made by a Gram Schmidt process, based on the notion of
n-body additive functions as the way to choose successive functions. Orthog-
onalization is explicitly achieved for functions in different spaces. No attempt
is made to make the functions belonging to a given space P, orthogonal to
each other. One then sets up the amplitude representation of the Liouville
equation. The solution of these equations is equivalent to a diagonalization
problem, which in fact would yield an orthogonal, complete basis for P,. For
example at the one-body additive level, Zwanzig"® analyzed the modified
Vlasov equation in terms of van Kampen eigenfunctions. However, in
practice, it is not necessary to do this explicitly. The inverses in the projection
operators maintain consistency.

This is all completely in accord with the most standard procedures of
mathematical physics, and the theory then “plays itself.” At first sight it is
disturbing that the equations appear unavoidably complicated because of the
appearance of high-order static correlation functions, even after simplifica-
tions have been effected by using the equilibrium hierarchy. The main reason
for this is that the theory is accurate at short times. One uses precise, micro-
scopic initial conditions needed to analyze time-dependent correlation
functions. Then, already at ¢ = 0, all of the higher order normal distribution
functions and ordinary cumulants are nonzero. While one can simplify
equations by neglecting these cumulants (within the context of some parameter
expansion), the results are limited by the ¢ = 0 inaccuracy.

‘We have set down the theory in terms of integrodifferential equations,
retaining all terms. In the solution of problems, for example, in the low- -
density limit, it is tempting to neglect most of the terms. Caution is required,
however, for there are terms of different analytic structure. They play different
roles in determining the behavior of phenomena in different time, space, or
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momentum domains. A safer procedure is to retain the leading terms for each
distinct analytic structure. We have adopted the traditional viewpoint toward
the computation of observable quantities. One first sets up (perhaps very
complicated) integrodifferential equations governing the quantities, which
may include other quantities not of immediate interest. Then one focuses on
suitable approximation schemes for solving the equations. This is of course
the situation with the ordinary Boltzmann equation. The equations are
equivalent to the summation of classes of diagrams in methods that aim
directly at the computation of the observable quantities.

It seems that for low to moderate densities the three-body additive
approximation contains almost all known results regarding short-time,
hydrodynamic and long-time behavior. Naturally, to the extent that, for
example, “irreducible” three- or four-body collision sequences (cf. Sengers*®)
are important, one must keep amplitudes 4, of requisite order. The medium
effects that are taken into account in the present treatment can at best
diminish, without ever annulling the effects of such collision sequences.

The treatment of the hard-sphere problem using pseudo-Liouville®®
operators has enabled us to see clearly into the structure of the theory, since
the two-body additive theory is on the same level as the three-body additive
theory for smooth potentials. The use of a one-body additive operator L,
yields an alternative, formally exact expression for the residual memory
function associated with the size of the cluster at which one stops. To treat
certain long-range screening and long-time tail effects, a dressed particle type
of approximation avoids going to the next order cluster. Fortunately the
expressions for the dressed particle memory functions can be written down
explicitly. The hard-sphere case shows, already at the one-body additive level,
that a satisfactory L, should have, for example, hydrodynamic eigenfunctions
for long wavelength. This fits in with both the general theory of Green’s
function and with specific kinetic theory analysis of critical phenomena®®®
and of long time tails. @V

In the general theory of Green’s functions,*? other, more sophisticated
but more complicated methods of treating the *““last” memory operator have
been discussed. The dressed particle point of view emphasizes interaction of
each member of a cluster with the medium via fluctuations. With attractive
forces, members of a cluster might form bound states which then interact
with fluctuations. Mazenko has discussed some of these decompositions by
analyzing connected and disconnected parts of the residual memory operator.
However, it does not seem to us that the use of ordinary or Kubo cumulants
to make this distinction is in the spirit of the general formulation of the theory.

To a large extent, differences between current theories are more a matter
of language and formalism than of point of view. Thus (aided by Boley’s
work) the author believes that the theory is closely related to that of Mazenko,
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who has gone further in a number of directions. Likewise, recent work by
Dorfman and Cohen®® and Lebowitz and Résibois®® (which has appeared
too recently for us to study and evaluate here) may ““do the same job.” We
feel that an advantage of this present formulation is its elementary character—
in fact, its simple-minded character. Given the few initial ideas, the rest of the

steps are obvious.

APPENDIX A. STATIC CORRELATION FUNCTIONS

SN(D[SN(2))y =
(BN(12)|8N(3)> =

(BN(123)|SN(@)> =

(SN(12)|SN(34)> =

(BN(123)|8N(45)) =

[pa(x1x2) — po®lbis + (1 — 2)pohs (A1)
[pa(x1x2X3) — popa(X1X2)]hibads
+ [8(3 — 1) + 83 — 2)I$1dopalx1X2) (A2)

[p+ (x1x2x3%4) — pops(X1X2Xs)lp1dapads

+ [8(4 — 1) + 8(4 — 2) + 8(4 — 3)]p1Padaps(X1X2Xs)
(A3)

[p+(x1x2x3%4) — poAX1X2)pa(X3Xs) b1 Padabs

+ [1 + PGBHIG ~ 1) + 8(3 — 2)]1b1badspa(x1x2Xs)

A4
[ps(X1X2X3XsXs) ~ pa(X1XaXs)pa(XsXs) b1 bapabads
+ [1 + P(45)][8(4 —1) + 5(4 — 2) + 8(4 — 3)]
X $ibadadspa(x1X2xsxs) + [1 + P(45)]
x [8(4 — 1)8(5 — 2) + 8(4 — 1)8(5 — 3)
+ 8(4 ~ 2)8(5 — 3)]d1dapapa(x1x5x3) (A.5)

<T(12)IT(34)> = ¢1dapada T (x1X2X5%,)

Here

+ [1 + PEHI[ + P(12)]ps(x1x2x3)
X [— paX1X2)pa(X3Xs)/ polb1datps 6(4 — 1)

+ b1bapa(x1x2)[8(3 — 1)8(4 — 2) + 8(3 — 2)8(4 — 1)]
(A.6)

L (K1 XaX3Xs) = pa(X1XaX3Xs) — pa(X1Xg)palXsXy)

- K(x3x4f5)[p3(x1x2)?5) — popa(X1X2)]
— [K(x3xax1) + K(x3x4x2)]p2(x1x2)

— [pa(x3x2)/polll + P(3H)][ps(x1X2X3) — popalX1¥2)]
(A7)
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and
K(x1x9x5) = [pa(x1x5X35)/po] — palX1X2)
- f po(r1xax ) Clxs — x5) dics
— pa(x1xx)[C (x5 — x1) + Clxs — x3)]
+ palrsxa)po f Cxy — x3) dxs (A9)

{T(12)|N(345)y = [1 + P(12]][1 + P(35) + P(45)]
x 83 — 1)8(4 — 2)<{Ny(125)>
+ [1 + P + P(34) + P(35)]
x 8(3 — 1){N,(1245)>
+ [(N:(12345)> — <(N3(12)>(N5(345))]
- [A(123) + A(124) + A(125)KN4(345)>
— A(128)[{N(3456)> ~ <N(8))<{Ns(345))] A9
A more explicit form, ordered in powers of the density, is
(T(12)|N(345)) = po°[l + P12)][1 + P(35) + P(45)]
% 8(3 — 1)8(4 — 2)<N5(125))/po
+ po[l + P(12)][1 + P(34) + P(35)]
X 8(3 — 1)XN(1245)>/po*
— po*[1 + P(34) + P(35)][1 + P(12)]
x [8(3 — 1)/¢1[KN2(12)){No(345)}/po°
+ $1dababeds(Ts + Do) (A.10)

Here
Ds(X1X3X3XeX5) = ps(X1X2XaXaXs) — pafX1X9)pa(X3XaXs)
— palxsxaxs)[K(x1X2%x3) + K(x1x2x,) + K(x1%5%5)]
— [pa(x1x2)/ pollpa(1X3xsXs5)
+ pa(aXx3X4X5) — 2popa(XaXsXs5)] (A.11)
De(x1XaX3XaX5) = — K(x1X5%6)[pal(XeX3XeX5) — popa(XaXaXs)] (A.12)
and we set
M(x1%5%3X4%5) = D5 + Do (A.13)
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APPENDIX B. MATRIX ELEMENTS OF L FOR SMOOTH
POTENTIALS

We use the basic formula
CADLB()) = «T<{4, B}ps) B.1)

where
0A 8B 64 OB
A, Blpg = e — i —
4, Bles Z (@pa % 4o apa)
In order to avoid errors arising from the singular nature of the phase-space

functions, we use real, smooth, symmetric support functions on the left- and
right-hand sides of matrix elements. We also use the notation

_ & 6 6111 Pz(xlxz) 3
o 91n pglx1X5Xs) 0
L(1]23) = m o, + «T o, o (B.3)

etc., and note that L(1|2)<N(12)) = 0, L(1{23){N(123)) = 0. We then have
the tabulation

Ty = AQKNOILING)B®) = poA0)(p) 22 20 (8.4
Tor = C2XN(12)|LING)YBG) = 2C(12XN(12)5L(112)B(1) (B.5)

Jis = BAXN(DILIN@3)>C(23) = —2BA)XN(I2DL(1[2)C(12)  (B.6)
Jos = C12XN(12)|L|N(34)> D(34)
= 4C(12XN(123)51(1]23)D(13)
+ 2C>I2XN(2DILAJ2) + LQ2|1)]1D(12) (B.7)
Jos = C(12XN(12)|L| N (345))E(345)
= 3C(12XNL234)>[1 + P(12)]L(1|234)E(134)

i

+ 6C2)XN123)>[1 + P(12)1L(1|23)E(123) (B.8)
The theory requires the matrix elements of L with the basis functions,
Ju = AQXTDILIT2)>BQ2) = Ju B.9)
Jar = CU2KTAD|LIT(3)>B(3)
Opa(x1X3) 9B(1)
= 2C(12) —5;1—1 $(0)$(p2) .

2:C)

B (B.10)

— U p)Seyians) P28
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where
S(x3x9X4) = pa(X1X5Xg) — POZJ. pa(X1X2X3)C(xz — X4) dxs
— popa(X1X2)[Clxy — Xg) + Clxz — x4)] (B.11)
Jrz = BEKTE)LIT(12)>C(12) = —ja (B.12)

Jaz = CU2KT(12)|L|T(34)> D(34)
= COIQKNUL(1|2) + L(2|1)]D(12)

+ 4CUDbpub| Rirraxd B % + w1 SRLX2D 2 | g

Ox 1
(B.13)
with
Ra(x1XX4) = pa(X1XaxXs) — [pa(X1X2)pa(X1X4)/po] (B.14)

APPENDIX C. MATRIX ELEMENTS OF THE PSEUDO-
LIOUVILLE OPERATORS

We use the formulation of Refs. 5 and 19. The latter paper gives the
derivation of the one-body additive equation of LPS®™ and Mazenko® in a
form close to the notation of this paper. The pseudo-Liouville operators are

Li=Lo 23 T.64) = Lo + LY (G

§#j
T.() = (1/m)[py;+G4i;|0(F Pi;-q:)( 95| — o)by; — 1) (C2)

Here o is diameter of the hard spheres, 8(x) is the step function, 8(x) = 0
for x < 0 and 8(x) = 1 for x > 0. Also,

Pi; = Pi — Pss G = 9i/19.] (C3)
The exchange operator b;; operates according to the rule
Biif(B1sees Pis Qisees Py Qyseees Q) = f@rees B> Gis Pyoers @ @) (C4)
where the final momenta p;%, p,; obey
P’ = — (0i;°0:,)8s5, P" = p; + (Pi;-Gi))dss (C.5)

The evolution operator is e~*+ for > 0 and e *- for ¢ < 0. With inner
products defined with a Gibbs weight factor @, we have

(A|BS = J ®A*B dT

KA|L.|B> = —{L_A|B), <A|L_B)= —<L.A|B) (C.6)
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in contrast to the smooth potential case, where the same anti-Hermitian
operator L occurs in both sides. It should be noted that even in the smooth
potential case the free streaming operator L,° is not anti-Hermitian, since it
does not have the Gibbs function as an eigenfunction with eigenvalue zero.
The above pseudo operators are to be used in time-dependent correlation
functions, where they operate on functions to the right. The multiplication by
® is put to the left and then one integrates over phase space. Let

@, (34) = (1/m)|Pss-Raa| O(F PasRss) 8(|x34] — 0) (€7
UV [34) = 3[1 + PG34)] 8(x5 — X1)[8(Ps — Pas*RasRas — P1) — 8(ps — P1)]
(C.8)
and
GAWE|D = e, (GA1V |34 (C.9)
Then
LPNQ) = N,GHGAW|1 (C.10)

LEN,(12) = [1 + PA2)INL23D33| W |1 + NGHGE W12y (C.11)

Here
<34IW2§]12> = [1 + P(12)]e.(34) 3(x5 — X1) 8(xs — X3)
X [8(ps — P3aRas¥as — P1) 8(Ps + P3sRasRas — Do)
— 8(ps — 1) 3(ps — P2)]

We encounter
Gl 1> = [ [ $easpacaal w1 €12)

This is evaluated by going to final momenta and using

#(ps)$(p4") = (ps)p(pa) (C.13)
We have

<x3x4|Hi|I>

fi

+ 2_1_%&_) [8(|x14] — @) 8(X5 — X1)&14
+ 8(|x1s| — o) (x4 — X1)%y5]

=+ 20 (U x> (C.14)



210 Eugene P. Gross

The matrix elements are

081 — 2)  pipids Ipalx1Xo)
Y%, m 0%, (C.15)

QILLIL = po 2 ¢

QIO = + P—“fn#—z f po(XuXaXe) 8(|¥ra] — )R1s ds

+ 262apa(0) 28| W1 (C.16)
Using the equilibrium relations,
26(1 — 2 ‘R
ALL12> = pob BEEZD 1 @i, 22202 (x| - o)
£ 2pa0)b B 1A WA |2 C.17)

We also have

3(1[21|3> p2(0)$; P3*Kia
1 %, + o - 8(|x15) ~— @)

AL_|25|Z413> = po P;;l ¢
-2 Pz(cz;ﬁlﬁb/; Q3| W2"1|3>£—3 (C.18)

The Boltzmann-Enskog operator & involves a different combination of 8
functions than is contained in Ws;. We introduce

A|B(2> = 26,813 Wz|2> + '-’lir;ffl—nglqsz S(xnl — o) (C.19)
Then
A1212> = [ [ a- (940860 — %) 800: — Bk = Bo)
+ 8(Xy — Xg) 8(ps + P1aXiaRis — P2l dha.dx,
~ [[ «raapalaen - x50 — 2

+ (x4 — X2) 8(ps — P2)] dx, dps (C.20)

and

06(1 — 2 A
-2 = po BB RO | 0D g, (1sa] — o)

— palo)1| B2 (C.21)
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APPENDIX D. TWO-BODY COLLISION KERNEL FOR HARD
SPHERES

The kernel operating on the two-body amplitude A, consists of the two
body inverse multiplied by the quantity

[1 + P(U2)KTG*4%) | No(L'4'S <45 | W5 |25 A(1'2)

We write down the contributions to this quantity here. There are three parts.
The term of order p,? is

28(p5*)b(pa™)1 + P(3*4%)][ps(xa* X4 * T)(344%| W3z 10652 ) A5(1'2')
+ palxa*xa* T Yp(B WF 4| Wi |1 d(1'3%)
+ (B KE 4| W3 3% A(1'39)] (0.1
The term of order py* contains the spatial kernels
Cxs*|halxa") = pal(xa®Xy %s )Xy %5 [U | X2
Cxg*x ¥ Ag| x> = pa(xa*xa* X, X5 )Xy %5 [U s | X357 (D.2)
where

<x3x4[U+]x1> = %[3(|x14| — 0) 8(xs — X1)&14 + S(lesl - ) 8(X4 — X)Xq3]
(D.3)

Itis
2o + PE4IKIC ¥ A
- A s 22D 1,302

1+ P(T'z')]p4(x3*x4*)?1’)?5')
Ky ¥ _5’ 3*5' W2l 2' -1! ~2 '1'/2/
+ [ _ P2(3p:4 )Ps(xa , = ! = /) ]¢(p )< l l >¢(p )A ( )}

X1,
D.49
Finally, the terms of order p,® and p,® are
()P + P2V M (x5* x4 %y By X5 ) Ko X5 | U o | %27
[] s s A7) ©.5

Here # = 9, + 2, is written in the appendix dealing with static correlation
functions.
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APPENDIX E. MODIFIED CUMULANTS

Our starting point for the hard-sphere case is the Liouville equation

[@/or) + Lo® — % >, T(i)1®Fy = 0 (E.1)

Here
TG) = 7-G) + 0. 06) = 2L¥sgg, — o) (E@2)

ie.,

16) = 3as] - o) 2 g, 0,08, — B-pod)] €3
We also note that because of the discontinuous functions in @,
L® =} > 0G)® (E.4)
iz4

From this equation, by multiplying by N(1), N(12),..., we find the equilibrium

hierarchy
LP(IXNQ)> = Q(12XN(12))

[L®(1) + LP()KN(12)) = [Q(13) + Q(3)KN(123)) (E.5)

For the nonequilibrium case we find the hierarchy used by Ernst and
Dorfman:

[(@/or) + LLWIF,(1) = T(12)F(12)
[@fot) + Lo°(1) + L°(2) — T(12)1F,(12) = [T(13) + T(23)1F;(123) (E.6)
Note that our £, are p," times the ones used by the cited authors.
The modified cumulants A, are simply the amplitudes multiplied by

correlation functions.
Thus the quantities in brackets in Eq. (74) are cumulants,

A = A1) =<TOITQPA4Q) = T Fw>
Ry(12) = <T(12)|T(38))4(33) = <T(12)|Fy
= F(12) — A(123)F,(3) E.D
A4(123) = <T(123)|Fy> = <T(123)|T(456))A5(456)
= F5(123) — A(123]35)A,35) —~ A(123|DHF,B)
We call the A, modified cumulants. To justify the name, note that

A2(12) = F2(12) - K(x1x2fa)¢1¢2ﬁl(§) - [Pz(xlxz)/l’o][?slﬁl(z) + ¢2F1(1)2;)
(E.
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Asymptotically, there is agreement with the usual time-dependent linearized
cumulant Dy(12),

D,y(12) = Fy(12) — pol1 F1(2) + ¢aF1(1)] (E.9)
The equations for A, may be formed by taking combinations of Egs. (E.6).
Thus
(@/80),A(1) + L(DA(1) — T(12)A(123)A,(3) = T(12)A,(12) (E.10)
[(8/81) + Lo™(1) + Lo°(2) — T(12)13,(12) + A(123)T(3HA(12)
— T(13) + T(23)1[A(123]45)A,(d5) + A4(123)]
= —[Lo°(1) + Lo°(2) — T(12)]A(123)A,(3) + A(123)Lo(3)A4(3)
+ [T(13) + T(23)]A(123]9A (@) — A(123)T(34) A(345)A,(5)
(E.11)

Considerable simplification may be achieved in these equations, which
are an alternative form of the theory. The work needed is similar to what was
outlined in the body of the paper. One technical difference lies in the position
of the inverses, which are here embedded in the A(123), etc. The second
difference lies in the different combinations of 6 functions in T(ij) and in
LY. The T combination is more satisfactory since it isolates directly the
Boltzmann-Enskog operator. Thus in the one-body additive approximation
the key terms are

T(I?)A(lZ?)ﬁl(g) = T(l§)¢1$2K(x1x2)?3)31(§)

+ T(1D)[pa(o) polldBa(1) + $,8:(2)] (E-12)

The first term, involving K(x,x,X3), contains the LPS mean field term, while
the second term is the Boltzmann-Enskog collision term.

The time correlation point of view is convenient in general arguments
involving memory functions in Section 2, as well as in the evaluation of
memory functions in the dressed particle and related approximations in
Section 5. To establish the connection, we must move @ in Eq. (E.1) to the
left of the operators. We have

@[@/21) + Lo° + 3 > Q@) — 3, T()IFy = 0 (E.13)
izd
or
O[(3far) + L® — 3 D T_(i))Fy =0 (E.14)
iz7
Since
L —32 7 (=L —L¥=L._

we see that L . is the pseudo-Liouville operator needed and the starting point
for the time correlation point of view is

[(@/or) + L.1Fy = 0 (E.15)
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